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Abstract

Generative modeling for scientific data is challenging in data-scarce
settings (N = 8), where models must generalize beyond limited
observations while respecting mechanistic constraints. In person-
alized oncology, longitudinal tumor growth data are often sparse,
yet generated trajectories must remain consistent with biologi-
cally motivated dynamics for quantitative analysis. Conventional
synthetic-data approaches can be useful, but under extreme data
scarcity, statistical augmentation alone may not preserve consis-
tency with the mechanistic dynamics governing the observations.

To address this challenge, we propose Physics-Guided Optimal
Transport Conditional Flow Matching (Physics OT-CFM), a flow-
based generative framework that rectifies the transport field using
mechanistic growth dynamics. Our method operates on Gompertz
growth parameters, which are decoded into tumor growth trajecto-
ries. It combines data-based non-dimensionalization with physics-
guided modifications of training targets and sampling dynamics
using constraints induced by the prescribed tumor growth ODE.

Experiments on glioma xenograft data with only eight untreated
subjects show that Physics OT-CFM achieves near-zero constraint
violations while retaining competitive distributional metrics against
established synthetic-data baselines. The generated samples reduce
simple replication of sparse training points and produce trajectories
consistent with the prescribed mechanistic growth law. Together,
these results suggest that physics-guided flow matching can serve
as a data-centric augmentation component for Al Data Scientist
pipelines in scientific domains, providing synthetic cohorts that
downstream analyses can consume without sacrificing mechanistic
consistency.
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1 Introduction

Accurately modeling tumor growth dynamics is important for
treatment response assessment, prognosis prediction, and clini-
cal trial design [1, 2]. In clinical and preclinical studies, tumor
size is typically measured at discrete time points and summarized
as tumor growth curves, which guide therapeutic decisions and
are widely used to quantify antitumor efficacy in xenograft and
patient-derived xenograft (PDX) models [3-5]. However, in vivo
tumor growth studies are often constrained by limited follow-up
duration, tumor-burden considerations, and ethical regulations on
animal use, making such experiments costly and restricting both
sample size and measurement frequency [6, 7]. As a result, many
xenograft datasets consist of short and sparsely observed tumor
growth trajectories, often with only a small number of untreated
control animals [7, 8]. Since untreated tumor growth provides the
baseline dynamics against which treatment effects are interpreted,
the scarcity of such trajectories makes it difficult to characterize
inter-animal variability in tumor growth parameters with sufficient
precision [9]. This represents an extreme regime of generative mod-
eling where models must leverage mechanistic structure to avoid
naive memorization and generalize reliably from very few observa-
tions [10, 11]. Such a challenge necessitates generative frameworks
that can faithfully extrapolate beyond sparse, ethically restricted
data while adhering to complex domain constraints.

In data-scarce tumor growth studies, synthetic cohorts are com-
monly generated using Bayesian models, kernel density estimation
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(KDE), or interpolation-based methods such as SMOTE [12-16].
Although well established, these methods can exhibit structural
limitations in the extreme small-sample regime considered here.
Bayesian approaches incorporate prior knowledge and quantify
uncertainty, but with only a few untreated trajectories, posterior
predictive samples can be highly sensitive to informative prior spec-
ification. KDE smooths the empirical parameter distribution, but
Euclidean kernel smoothing ignores mechanistic coupling among
growth parameters and may place probability mass in biologically
implausible off-manifold regions, especially when bandwidth se-
lection is unstable under N = 8 [14, 15]. SMOTE preserves prox-
imity to observed subjects through interpolation, but its samples
remain confined to the empirical convex hull, limiting tail vari-
ability and generation beyond simple convex combinations of the
training data [16]. These complementary limitations motivate a
data-adaptive and physics-constrained generative framework that
preserves agreement with the observed cohort while reducing prior
sensitivity, off-manifold smoothing, and convex-hull confinement.

The challenge above also fits naturally into the broader picture
of building Al Data Scientists for scientific domains. End-to-end sci-
entific data analysis—spanning preprocessing, augmentation, mod-
eling, and downstream interpretation—is increasingly delegated to
automated pipelines, and in preclinical or biomedical settings the
augmentation step is often the limiting factor when only a handful
of observations are available. In such settings, synthetic samples
that look statistically plausible but violate domain laws can degrade
every downstream stage that consumes them. We therefore view
physics-constrained generation in the data-scarce regime as a data-
centric capability that an Al Data Scientist should provide: samples
should match the observed distribution and at the same time re-
main compatible with the mechanistic dynamics that downstream
analyses assume.

To address these limitations, we propose Physics OT-CFM, a
generative framework that incorporates mechanistic growth dy-
namics into flow-based modeling through an explicit rectification
of the transport field. Rather than generating raw tumor-volume
time series directly, our method generates Gompertz growth pa-
rameters and decodes them into tumor growth trajectories. The un-
derlying dynamics are modeled by a Gompertz-type tumor growth
ODE, which captures key qualitative properties of untreated tu-
mor growth, including positivity and growth deceleration [17, 18].
Inspired by physics-informed machine learning [11, 19], Physics
OT-CFM integrates physics-derived gradients into both training
and sampling, guiding generated parameters toward regions consis-
tent with the prescribed growth law. This learned transport-based
generation avoids relying solely on prior-driven sampling, uncon-
strained smoothing, or fixed convex interpolation, enabling the
synthesis of tumor growth trajectories consistent with the pre-
scribed mechanistic growth law under extreme data scarcity.

Contributions. Our main contributions are:

e We introduce a simple data-based non-dimensionalization
for Gompertz parameters that stabilizes learning under
severe scale imbalance while enforcing V; < K by construc-
tion.

e We propose a physics-guided rectification of OT-CFM that
modifies both training targets and sampling dynamics using
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gradients of a differentiable Gompertz constraint penalty
derived from Gompertz growth properties.

e We compare Physics OT-CFM against four baselines span-
ning parametric and generative paradigms; our method
achieves distributional fidelity competitive with established
baselines in the extreme data-scarce regime (N = 8).

o Our framework requires no informative prior, attains deter-
ministic constraint satisfaction through the rectified vec-
tor field rather than via post-hoc rejection or hard-coded
manifold assumptions, and avoids prior misspecification by
construction.

Taken together, these components provide a practical framework
for learning physics-constrained generative models from extremely
small scientific datasets, where synthetic samples are guided by a
prescribed mechanistic ODE while maintaining statistical agree-
ment with the observed cohort.

2 Preliminaries

Gompertz Growth Model. We model baseline tumor growth using
the Gompertz growth law [17, 18], a parsimonious ODE-based
model that captures key qualitative features of untreated tumor
growth, including positivity, growth deceleration, and saturation.
Let V(t) > 0 denote tumor volume at time ¢t. We use the three-
parameter Gompertz ODE:

dv(t)

K
- :aV(t)log(—), V(o) =W, (1)

V(1)
where a > 0 is the growth rate, K > 0 is the carrying capacity, and
V is the initial tumor volume.

The qualitative properties of its closed-form solution (i.e., when
0 <V, < K, the trajectory remains positive, increases monotoni-
cally, and approaches K as t — oo) directly motivate the physical
constraints used in our generative framework. Detailed derivations,
closed-form solutions, and the reduced Gompertz parameter (e, )
used for baseline comparisons are deferred to Appendix A.

Optimal Transport Conditional Flow Matching (OT-CFM). We con-
sider a flow-based generative model that transforms samples from
a simple base distribution py into samples from a target data distri-
bution pgata through the probability flow ODE % = vg(z;, t) for
te[0,1].

Conditional Flow Matching (CFM) trains the time-dependent
neural vector field vy using linear interpolation paths z; = (1—t)zo+
tz; between a base sample zy ~ po and a data sample z; ~ pdata-
The standard CFM objective minimizes the distance to the target
velocity z; — zo:

minE [llog (2, £) = (21 = 20)II3] - @)

OT-CFM improves this construction by pairing zy and z; through
minibatch optimal transport, which reduces path crossings and
stabilizes training. However, standard OT-CFM does not enforce
domain-specific physical constraints. We therefore introduce a
physics-guided rectification of the transport field so that gener-
ated Gompertz parameters remain consistent with the prescribed
growth law.
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3 Method

In this section, we introduce Physics OT-CFM, a generative frame-
work for biological growth parameters that explicitly incorporates
Gompertz-model-based physical constraints. We begin by providing
the design rationale for selecting OT-CFM over other generative
paradigms in the context of extreme data-scarcity (Section 3.1).
Then our approach combines a data-based non-dimensionalization
(Section 3.2) of model parameters with physics-guided flow learn-
ing, enabling stable training and biologically consistent sample
generation (Section 3.3).

3.1 Rationale for Flow-based Framework

To synthesize physically plausible parameters under extreme data-
scarcity, we employ OT-CFM as a promising generative frame-
work [20]. The rationale for our selection considering the limita-
tions of other models is as follows: Diffusion models can enforce
physical constraints through gradient guidance or manifold pro-
jection, their stochastic sampling and complex curved paths can
accidentally lead to data memorization in low-data regimes. It pri-
oritizes the replication of training points over manifold interpola-
tion [21-23]. In contrast, OT-CFM learns a deterministic vector field
‘%‘ = vg(zy, t) along straight optimal-transport paths, which (i) ad-
mits precise and stable rectification via physics gradients V, ®ppys,
and (ii) reduces stochastic variance to encourage genuine interpola-
tion between sparse observations. We empirically compare against
a physics-guided diffusion baseline in Section 4.

3.2 Data-based Non-dimensionalization

The biological growth parameters of the Gompertz model, x =
(e, K, Vp)T e X CR3, naturally exhibit different physical scales. Di-
rectly learning a generative model in this raw parameter space often
leads to optimization instability and violations of basic biological
constraints. To address this issue, we draw inspiration from non-
dimensionalization in classical mathematical biology [24]. In that
context, system variables are typically scaled by characteristic con-
stants (e.g., scaling volume by K or time by 1/a) to derive a dimen-
sionless form of the governing ODE, such as dvidi =V log(l/V)
where V = V/K. While such theoretical scaling simplifies the
physics, it does not account for the statistical variance and scale
imbalances inherent in multi-patient datasets.

Therefore, we introduce a data-based non-dimensionalization
that maps x into a latent space Z through a domain-aware transfor-
mation 7" : X — Z. This transformation not only enforces physical
constraints but also "centers" the parameter manifold based on the
cohort’s statistics, aligning with the broader paradigm of physics-
informed modeling [11].

We compute reference scales from the training data using me-
dian statistics, denoted by ameq and Kpeq. The transformed latent
variable z = (21,2, 23) T € R? is defined as

a K \%
z1 = R zy = log(K ) z3 = log(%). 3)

Amed med

This transformation stabilizes learning by reducing scale imbal-
ance and enforces the biological constraint V; < K by construction.
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In particular, the ratio-based representation of z; allows the la-
tent space to remain unconstrained while preserving valid initial
conditions in the original physical parameter space.

3.3 Physics-Guided Flow Learning

While standard OT-CFM learns probability transport paths effi-
ciently, it does not explicitly account for the underlying physical
structure of biological growth models. As a result, generated sam-
ples may drift away from biologically valid regions of the parameter
space. To address this limitation, we propose a physics-guided flow
learning strategy that incorporates gradient information from phys-
ical constraints into the learned vector field.

Physics Penalty Function. We define a differentiable physics penalty
function ®ppys(z) that measures violations of Gompertz model
based constraints after decoding latent variables via 7 ~!. The
penalty assigns high costs to states that contradict the Gompertz
growth dynamics, such as negative growth rates or non-monotonic
tumor growth trajectories. Specifically, ®py is constructed as a
sum of soft barrier terms enforcing three fundamental biological
properties:

e valid initial conditions (V; < K),
e monotonic growth (dV/dt > 0),
e near-saturation at the terminal time (V(T) = K).

Defining the normalized volume ratio as v(¢) = V(t)/K, the total
physics penalty is given by

(Dphys(z) :g (U(O)T_l) +Et~Unif[0,T] |:§ (_Z.)(t) )]

T
Boundary Monotonicity (4)
lo(T) —1| —€
7
T
———
Saturation

where 9(t) is the time derivative and {(x) = log(1 + exp(x)) is the
Softplus function, serving as a smooth approximation of the ReLU
function to ensure the differentiability of the vector field guidance.
The parameter 7 controls the sharpness of the barrier and € is a
small relaxation margin to account for biological variability.

Efficient evaluation. Since the Gompertz model admits a closed-
form solution (Eq. (10)), we compute v(¢) and 9(t) analytically after
decoding z to (a, K, Vp). In practice, the expectation over t is ap-
proximated by Monte Carlo samples of t ~ Unif [0, T], which adds
negligible overhead compared to the neural vector field evaluation.

Training with Rectified Targets. Standard OT-CFM uses a straight-
line target velocity u*(z;) = z; — zo. We modify this target to
respect physical laws by adding a gradient term. We adjust the
target velocity to guide the transport process toward the physically
valid manifold as follows:

utarget(zt) = u* (Zt) - Atrainvzt (I)phys(zt)' (5)

Here, the term —V,, @1,y provides a geometry-aware correction
that repels trajectories from high-penalty regions. Importantly,
this modifies the target field rather than adding an additional loss,
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allowing the neural vector field to internalize physics compliance
as an intrinsic property of the learned transport map.

Refined Sampling. We apply a similar strategy during sampling
to guarantee the biological plausibility of the generated parameters.
As we solve the ODE from noise to data, we add a correction term
—AsampleVCI)phys to the predicted velocity. This test-time refinement
ensures that the generated parameters stay on the biologically valid
manifold. The detailed procedures for training and inference are
summarized in Algorithm 1 and Algorithm 2, respectively.

The proposed physics-guided training and sampling procedures
are designed to be computational efficient. The additional overhead
arises from evaluating V,, ®,pys, whose complexity is negligible
compared to the forward and backward passes of the neural vector
field vg. This allows our framework to incorporate complex bio-
logical priors without significantly increasing the training time or
sampling latency.

For completeness, we provide the full algorithmic descriptions of
the physics-guided training and sampling procedures in Algorithm
1 and Algorithm 2 respectively.

Algorithm 1 Physics-Guided OT-CFM Training

Require: Dataset D = {xV} (physical space), transform 7,
physics penalty ®ppys, guidance weight A
1: Initialize network parameters 0
2. for iteration s = 1to S do
3. Sample data batch x; ~ D
Sample noise zy ~ N(0,I)
Transform to latent space: z; «— 7 (x1)
Sample time t ~ Unif(0, 1)
Compute interpolation: z; = (1 — t)zg + tz;
Base target velocity: u* =z; — z
// Physics-guided rectification
10:  Compute physics gradient: g = —V,, ®phys(z;)
11:  Rectified target: ugarger < u* + Ag
122 // Update
13:  Predict velocity: vpreq = v6(Zs, t)
14: Loss £ = ||Upred - utarget”%
15:  Update 8 « 6 —nVyL
16: end for
17: return Trained vector field vy

R A

4 Experiments

4.1 Experimental Setup

Dataset. We use the Tumor Growth Dataset from the Teaching
Statistics in the Health Sciences (TSHS) repository [25]. The data
originate from a preclinical glioma xenograft study (N = 37) with
longitudinal tumor volume measurements. In this work, we focus
on the untreated control group (N = 8), which received no thera-
peutic intervention. These trajectories reflect the intrinsic, natural
tumor growth dynamics governed by purely biological factors, and
provide a baseline against which treatment effects are usually inter-
preted. Focusing on this sparse subset allows us to study generative
modeling under severely data-scarce conditions while avoiding
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Algorithm 2 Physics-Guided Sampling

Require: Trained vector field vg, transform 7, physics penalty
®ppys, number of steps N, sampling guidance weight A

1: Sample zy ~ N(0,1I)

2: Set step size At =1/N

3: fork =0to N —1do

4: e = k- At

5. Base velocity: vpase = vg(Zk, tk)

6. // Physics refinement

7. Compute physics gradient: g = =V, ®ppys(z)
8:  Effective velocity: veff ¢— Upase + Asg
9:  Update state: zg41 < zx + At - vegr
10: end for

11: Decode parameters: Xgn = 7~ ! (zn)
12: return Xg,1

confounding effects from therapy, and providing a rigorous testbed
for our physics-guided framework.

Data Preprocessing. Our generative framework models the dis-
tribution of biological growth parameters rather than raw tumor
volume time series. For each subject, we fitted the three-parameter
Gompertz growth model to the observed tumor volume measure-
ments using nonlinear least-squares optimization. This procedure
yields a dataset of parameter vectors

X = (a® K® v)T,

As discussed in Section 3.2, these physical parameters exhibit
strongly different scales, which can lead to unstable optimization
in generative models. We therefore apply the proposed data-based
non-dimensionalization (Eq. (3)) to map the parameters into a three-
dimensional latent space. Unlike classical non-dimensionalization,
which reduces degrees of freedom, our approach preserves the
full parameter dimension while normalizing magnitudes based on
statistics of the observed data. All subsequent experiments are
conducted in this non-dimensionalized latent space.

i=1,...,8

Table 1: Statistical characteristics of the extracted Gompertz
parameters from the U87 glioma control group (N = 8).

Parameter Mean + SD  Range [Min, Max] Unit
Growth Rate (a) 0.09 £ 0.04 [0.03,0.17]  day™!
Carrying Capacity (K) 17,127 + 7,508 [2,024, 24,057 mm?
Initial Volume (V) 23.4+41.6 [2.4,125.0] mm?®

Table 1 highlights three challenges: severe scale imbalance (K >
a), high heterogeneity in V; (CV > 1.7), and a wide K range under
N = 8 that encourages memorization. These motivate our data-
driven non-dimensionalization (Section 3.2) and physics-guided
rectification to stabilize learning and promote physically consistent
manifold interpolation.

Domain expertise and biological validation. Although the authors
are affiliated with mathematics departments, the study was de-
signed and validated based on the corresponding author’s prior
experience in mathematical oncology and tumor growth modeling.

407
408
409
410
411
412
413
414
415
416
417
418
419
420
421
422
423
424
425
426
427
428
429
430
431
432
433
434
435
436
437
438
439
440
441
442
443
444
445

446

463



465

466

467

468

469

470

471

472

473

474

476

477

478

479

480

481

482

483

484

485

486

487

488

489

490

491

492

493

494
495

Mechanistic Flow Matching for Data-Scarce Scientific Cohorts

For each generated parameter set, we verified 0 < V; < K, mono-
tonic growth on [0, T], and near-saturation at T (via ®phys), and
checked derived growth summaries for consistency with tumor-
growth modeling practice.

4.2 Baselines

We compare against four baselines spanning parametric and gener-
ative paradigms. Compared with these alternatives, our framework
offers three concrete advantages: (i) it requires no informative prior,
learning the parameter manifold directly from the N = 8 samples;
(ii) it attains deterministic constraint satisfaction through the recti-
fied vector field rather than via post-hoc rejection or hard-coded
manifold assumptions; and (iii) it is robust to prior misspecification
by construction, since no external population-level parameters are
imposed.

Following the reduced Gompertz parameterization [12], all main
comparisons operate in (&, ff), where a = alog(K/V;) and § = a.
Because the Bayesian baselines do not natively output Vp, this
reduced representation is the common ground for fair quantitative
comparison. The two generative baselines (Physics Diffusion and
Physics OT-CFM) are converted from their native (a, K, V;) outputs
to (a, p) for evaluation.

Bayesian approach with Gompertz model (Bayesian-Gompertz).
This is our principal parametric competitor. In the first stage, per-
subject parameters {(a;, f};)}5_, are obtained via nonlinear least-
squares fits to each animal’s longitudinal volume measurements. In
the second stage, we perform Bayesian inference on the population
mean g = ({4, jig) using log-normal priors centered at Vaghi’s
values [12], with scale parameters exaggerated relative to the pub-
lished values to reflect the high uncertainty in our N = 8 cohort
(full prior specification in Appendix B.1). We emphasize that this
is a Bayesian approach, chosen to match the available data scale
and to avoid overfitting nuisance variance components. Samples
are drawn independently for « and f from the resulting log-normal
posteriors, yielding a two-dimensional scatter in (a, f).

Bayesian approach with Reduced Gompertz model (Bayesian-Reduced
Gompertz). We additionally consider a reduced variant that adopts
Vaghi’s deterministic relationship @ = kf with k = 7.87 and zero
residual variance. Here, only f is sampled stochastically and « is
determined deterministically, yielding samples that lie on a one-
dimensional manifold. This baseline represents the strongest prior-
informed setting: it directly encodes Vaghi’s reduced Gompertz
structure [12] as a hard constraint.

Adopting an external prior requires verifying that Vaghi’s pub-
lished parameters are consistent with our cohort. Two checks sup-
port this. First, the empirical ratio «;/f; across the eight subjects
has median 7.60 and mean 7.27, well-aligned with Vaghi’s k = 7.87
(within 10% across three independent estimators: per-subject ratio,
linear fit, and population-median ratio). Second, Vaghi’s reduced
model assumes a = kf + ¢ with ¢ = 0; a one-sample ¢-test on the
per-subject estimates ¢; = a; — 7.87f; yields t(7) = —1.05, p = 0.33
(95% CI for mean c: [—0.16, +0.06]), statistically indistinguishable
from zero and supporting the ¢ = 0 assumption. Importantly, k is
taken from external literature rather than estimated on our N = 8.
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Therefore we can avoid circular use of the same data for both prior
extraction and posterior comparison.

Physics Diffusion. As a generative-model counterpart, we imple-
ment a denoising diffusion probabilistic model [21] on the same
scaled latent space defined in Section 3.2, with the identical physics
penalty ®py applied as gradient guidance [22, 23] during sampling.
This baseline isolates the choice of generative paradigm (diffusion
vs. flow matching) under same physics-aware design.

Non-parametric sanity-check baselines. We additionally include
KDE (Gaussian kernel with Scott’s-rule bandwidth) and SMOTE [16]
(k = 3 nearest-neighbor convex interpolation) as non-parametric
sanity checks. Both operate directly on the eight real samples in
(@, p) with rejection sampling enforcing a, f > 0. Definitions, pa-
rameter scatter, and trajectory visualizations for these two baselines
are deferred to Appendix B; their full quantitative results appear
alongside the four main methods in Appendix C.

4.3 Evaluation Metrics

We organize evaluation around two complementary scopes: dis-
tribution fidelity (comparing generated parameter distributions to
the eight real subjects) and training dynamics analysis (tracking
the evolution of generative models). Implementation details for all
metrics are deferred to Appendix E.

Primary metrics: distribution fidelity on the Vaghi projection. The
reduced Gompertz framework [12] expresses a and f via the de-
terministic relationship o = kf with k = 7.87, validated for our
cohort in Section 4.2. To enable fair comparison across methods
of different effective dimension—the Bayesian-Reduced Gompertz
samples lie on this line by construction, while other methods pro-
duce 2D scatter—we orthogonally project every sample onto the
Vaghi line and compare the resulting one-dimensional distributions.
For a sample (a, ), the projected coordinate is:

ka+ p

Boroj = i k =17.87. ()

On this 1D projection, we evaluate fidelity using the 1-Wasserstein
distance (W) and Tail-quantile errors (Ags, Agos). The tail-quantile
errors, defined as Ag,, = |qig,en - q;fal| for p € {5,95}, diagnose asym-

metric failure modes such as hard-manifold tail amplification.

Complementary metrics: training dynamics in 3D latent. To track
training dynamics in the full 3D scaled latent space (Section 4.4.3),
we evaluate the generated distributions using Sliced Wasserstein
distance (SWD), unbiased Maximum Mean Discrepancy (MMD?)
with an RBF kernel, and the Projected Kolmogorov-Smirnov
(KS) statistic. Formal definitions and hyperparameter settings for
these standard metrics are provided in Appendix E.

4.4 Results

4.4.1 Distribution Fidelity. We compare three baselines and Physics
OT-CFM on the 1D Vaghi projection f3,.,; against the eight real sub-
jects projected the same way. Quantitative results are summarized
in Table 2; the parameter scatter in (a, ff) space, before projection,
is visualized in Figure 1. Two additional non-parametric baselines
(KDE, SMOTE) and complementary 1D metrics (KS, MMD?) are
reported in Appendix C.
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Table 2: Distribution fidelity on the 1D Vaghi projection
Boroj = (ka + B)/(kK* + 1), k = 7.87. W; is the 1-Wasserstein
distance to the projected eight real subjects; Ags, Agos are tail-
quantile errors. Physics OT-CFM achieves the lowest W; and
Aqos and ranks top-2 on every metric. All methods achieve 0%
constraint violation by design; Physics OT-CFM additionally
produces two numerical edge cases (K < V;). Non-parametric
baselines (KDE, SMOTE) and complementary metrics are re-
ported in Appendix C. Bold = best, underlined = second-best.

Method wy | Ags | Aqos |

Bayesian-Gompertz 0.0135 0.0038 0.0192

Bayesian-Reduced Gompertz 0.0182 0.0018 0.0544

Physics Diffusion 0.0294 0.0182 0.0068

Physics OT-CFM (Ours) 0.0082 0.0027 0.0019
«  Bayesian-Gompertz *  Bayesian-Reduced Gompertz ~ ---- a=7.873 (Vaghi 2020)

*  Physics Diffusion *  Physics OT-CFM (Ours) # Real data (N=8)

Bayesian-Gompertz

Bayesian-Reduced Gompertz

*
*
P

Physics Diffusion Physics OT-CFM (Ours)

"

0.10 ’/.
ws’
0.05
*

0.
000 025 050 075 1.00 125 150 175 000 025 050 075 1.00 125 150 175
a a

Figure 1: Generated parameter distributions in (¢, ) space
(@ = alog(K/Vy), p = a). Black diamonds: eight real sub-
jects. Bayesian-Gompertz blows up the spread by inheriting
Vaghi’s @ from 66 breast-tumor subjects; Bayesian-Reduced
Gompertz collapses to the line o = 7.87f; Physics Diffusion
exhibits bimodal collapse despite identical physics guidance
to our method; Physics OT-CFM produces a smooth distri-
bution that follows the real points and extends moderately
beyond their convex hull. Two samples violating K > V; are
omitted here and reported in Table 2.

Quantitative comparison. Physics OT-CFM achieves the lowest
W; and the lowest Agos, and the second-lowest Ags, ranking in
the top-2 on every primary metric. The two Bayesian variants
illustrate complementary failure modes of informative-prior ap-
proaches: the Bayesian-Gompertz uses Vaghi’s variability compo-
nents increased to accommodate N = 8 uncertainty. It produces an
unrealistically wide spread reflected in elevated W; and Agqos. The
Bayesian-Reduced Gompertz achieves the lowest Ags but the high-
est Agos, a 30X asymmetry between the two tails arising because
its fixed deterministic relationship a = 7.87f amplifies the upper
tail of the f posterior. Physics Diffusion exhibits the highest W,

Jiyeon Kim*, Daehong Min, Minjung Gim?, Dongwook Shin, and Soon-Sun Kwon

consistent with the bimodal collapse seen in Figure 1; the temporal
appearance of this failure is examined in Section 4.4.2.

Manifold structure. Figure 1 visualizes the (a, ) parameter scat-
ter for the four methods compared in the main table. The Bayesian-
Reduced Gompertz collapses to the one-dimensional line o = 7.87p,
producing a characteristic line that cannot accommodate the off-
line spread of the real samples. The Bayesian-Gompertz relaxes
this to a two-dimensional cloud but expands the spread substan-
tially. It leaves the real samples concentrated near its center rather
than spanning its support—a direct visualization of the variance
inflation noted above. Physics Diffusion exhibits a striking bimodal
collapse, with samples concentrated along two thin bands that pass
through a subset of the real points while leaving the intermediate
region empty; this structural pathology underlies its elevated W;
in Table 2. Physics OT-CFM produces a smooth distribution that
follows the eight real points and extends moderately beyond their
convex hull along the principal manifold direction. This indicates
learned manifold structure rather than memorized interpolation.

4.4.2 V(t)/Vy Trajectory Comparison. While Section 4.4.1 com-
pares parameter distributions, the practical utility of synthetic sam-
ples depends on the growth dynamics they generate. We therefore
compare normalized volume trajectories V(t)/V; across the four
(@, p)-equivalent baselines and Physics OT-CFM. The normaliza-
tion is essential: the Bayesian and flow-based baselines parame-
terize growth in (e, f) and do not natively encode Vp, so V(t) in
absolute units would require an external V; assumption. Using
V(t)/Vy cancels this dependence (the closed-form solution gives
V(t)/Vy = exp((a/B)(1 — e7P*))) and isolates the intrinsic growth
dynamics encoded by each method.

Trajectory diversity. Figure 2 shows 50 randomly sampled tra-
jectories per method against the eight real curves. All methods
reproduce the characteristic monotone-saturating shape of Gom-
pertz growth, but differ markedly in the breadth and density of
their generated bundles. Physics OT-CFM produces a continuous
family of trajectories that envelop the eight real curves throughout
[0,30] days, with sample density decreasing smoothly from the
center to the edge—consistent with the smooth manifold observed
in Figure 1.

Failure modes. The baselines exhibit distinct, identifiable failure
modes that complement the parameter-space observations. The
Bayesian-Gompertz generates a substantial fraction of nearly flat
trajectories with V(30)/Vj < 30, well below the slowest real subject;
these arise from samples with very small § that the Vaghi prior
assigns nontrivial mass to, and they are the trajectory-space man-
ifestation of the over-spread («, ) cloud. The Bayesian-Reduced
Gompertz inherits the same trajectory range as Physics OT-CFM
but with a coarser distribution, since its 1D manifold cannot popu-
late intermediate («, ) combinations off the line. Physics Diffusion
shows the most pronounced pathology: trajectories form two dis-
joint bundles—one near the upper shell and one near the lower shell
of the real data—with the intermediate range nearly empty. This
bimodal pattern is the temporal expression of the parameter-space
mode collapse seen in Figure 1, providing direct visual confirmation
of the elevated W; and Ags values reported in Table 2.
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—— Bayesian-Gompertz —— Bayesian-Reduced Gompertz ~—— Physics Diffusion —— Physics OFCFM (Ours) === Real data (N=8)

Bayesian-Gompertz

Bayesian-Reduced Gompertz

Physics Diffusion

Vit)/Ve

0 25 30 5 1 0 25 30

b Tlme‘?days) N ’ Tlme‘(sdays) N
Figure 2: Normalized growth trajectories V(t)/V, over 30
days. Each panel shows 50 randomly sampled trajectories per
method against the eight real curves (black dashed). Normal-
ization removes the dependence on Vj, which is not encoded
by the («, ). Bayesian-Reduced Gompertz and Physics OT-
CFM both envelop the real curves, while Bayesian-Gompertz
generates substantial data at near-flat trajectories below the
slowest real subject, reflecting its over-spread S posterior.
Physics Diffusion forms two disjoint bundles—the temporal
manifestation of the parameter-space bimodal collapse in
Figure 1.

4.4.3 Training Dynamics. We track the evolution of physical com-
pliance and distributional fidelity across 20,000 training steps for
the two physics-guided generative models, Physics Diffusion and
Physics OT-CFM. Complementary metrics (parameter violation,
CVaRgy, SWD, MMD?, projected KS) operate in the full 3D scaled la-
tent space, exploiting the native 3D outputs of both models. Results
are shown in Figure 3.

Physical compliance. Figure 3a tracks the parameter violation
rate and the conditional tail expectation CVaRgg(¢) of the physics
penalty. Physics Diffusion exhibits a pronounced early-phase in-
stability: the violation rate spikes to nearly 3% around step 2,500
before decaying to zero by step 5,000, and CVaRy, correspondingly
peaks above 19. Physics OT-CFM, in contrast, remains near zero
throughout training, with a single brief excursion around step 9,000
that resolves within the next few thousand steps.

Distributional Convergence. Figures 3b and 3c present comple-
mentary distributional metrics. Physics Diffusion attains lower
SWD (~1.0) than Physics OT-CFM (~ 1.13 at convergence), which
is consistent with its tendency to capture projected first and second
moments. However, MMD? and the projected KS statistic tell a dif-
ferent story: Physics OT-CFM maintains MMD? near zero through-
out training, while Physics Diffusion remains around 0.10-0.20.
Negative values are the standard small-sample artifact of the un-
biased estimator and indicate near-identical distributions. The KS
statistic is similarly lower for OT-CFM (median D ~ 0.20 versus
~ 0.40), with correspondingly higher Monte-Carlo p-values.
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5 Limitations and Ethical Considerations

Limitations. While Physics OT-CFM demonstrates robust perfor-
mance in data-scarce regimes, it has several limitations. First, with
only N = 8 samples, distributional fidelity metrics have inherently
limited statistical power; we therefore frame our quantitative find-
ings as observations supporting the qualitative claim of physically-
consistent manifold learning, rather than statistically conclusive
comparisons. Larger preclinical cohorts will be needed to establish
the generality of the observed ranking. Second, our framework
relies on the closed-form solution of the Gompertz growth model;
extending it to systems without a closed-form solution would re-
quire numerical ODE integration during training, which we have
not evaluated in this work. Third, the current study is limited to
a single cancer type (glioma) and a single experimental protocol
(untreated controls from the TSHS repository); further validation
on diverse cancer types and experimental conditions is necessary.
Lastly, while our physics-guided rectification ensures consistency
with the chosen ODE, it may bias generation toward dynamics ex-
pressible by that ODE, potentially overlooking complex biological
phenomena that the Gompertz model does not account for, such as
angiogenesis or immune system interactions.

Ethical Considerations. Our data come from the publicly available
TSHS repository, where the original preclinical study followed insti-
tutional animal welfare guidelines and the 3Rs principles; no human
identifiers are involved. The generated trajectories are intended for
hypothesis generation and preclinical data augmentation only, and
should not inform clinical decisions without rigorous validation
and regulatory approval.

6 Conclusion and Future Work

We introduced Physics-Guided Optimal Transport Conditional
Flow Matching (Physics OT-CFM) for scientific generation in
extreme data-scarce regimes, rectifying the OT-CFM transport field
with differentiable gradients induced by Gompertz growth con-
straints to enforce mechanistic validity during both training and
sampling. On glioma xenograft controls with only N = 8 subjects,
Physics OT-CFM achieves the lowest W; and Agqos in the Vaghi-
projected 1D distribution and ranks in the top-2 on every primary
metric, while maintaining near-zero physics violation throughout
training. Bayesian-Gompertz with Vaghi 2020 informative priors
inflates the generated spread, showing that informative priors do
not suffice in this regime. The Bayesian-Reduced Gompertz vari-
ant, which encodes Vaghi’s deterministic relationship « = 7.878
as a hard constraint, achieves the lowest Ags but the highest Agos,
demonstrating that hard manifold assumptions amplify posterior
tails in directions the data do not support. Comparison against a
matched physics-guided diffusion baseline shows that the gener-
ative paradigm also matters: the diffusion baseline collapses to a
bimodal pattern visible in both parameter space and trajectory bun-
dles, illustrating that goodness-of-fit metrics alone can mis-rank
generative models in scarce regimes when projected moments mask
underlying mode collapse.

Future work will extend the framework to mechanistic models
without closed-form solutions (SDE/PDE), intervention-conditional
treatment response generation, and adaptive guidance schedules
across varying measurement sparsity.
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(b) Global distributional metrics: SWD and MMD? in scaled latent space.
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(c) Local statistical metrics: KS distance and p-value in scaled latent space.

Figure 3: Training dynamics of the two physics-guided generative models, Physics Diffusion and Physics OT-CFM, evaluated
over 20,000 optimization steps within the full 3D scaled latent space. Regarding physical compliance, Physics OT-CFM remains
consistently near zero on both the parameter violation rate and the conditional tail expectation (CVaRq) throughout the entire

training process, whereas Physics Diffusion exhibits a pronou

(a). On the complementary distributional metrics, Diffusion attains a marginally lower SWD, but Physics OT-CFM successfully

nced early-phase instability that only resolves around step 5,000

maintains an unbiased MMD? near zero and achieves a substantially lower KS statistic with robustly higher p-values (b, c). This
distinct metric dissociation directly reflects the diffusion model’s severe bimodal mode collapse and its ultimate failure to
capture the full underlying data manifold, as previously documented in Figures 1 and 2.
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A Preliminaries
A.1 Gompertz Growth Model

To model baseline tumor growth trajectories, we consider four
classical ODE-based growth laws that are commonly used in the
tumor growth literature: exponential, logistic, Gompertz, and von
Bertalanfty-type models. Our study operates in an extreme data-
scarce regime with sparse longitudinal measurements, so we priori-
tize a parsimonious phenomenological model that captures the key
qualitative behaviors of baseline tumor growth, including positiv-
ity, growth deceleration, and saturation, while remaining practical
under limited data.

In this context, exponential growth can be useful as a short-
time approximation but does not represent growth slowdown or
saturation at later times. Logistic growth introduces a carrying
capacity and deceleration, yet its specific saturation pattern may be
less flexible for certain experimental tumor growth datasets. More
general families, including von Bertalanffy-type dynamics, can in-
corporate additional mechanisms at the cost of increased model
flexibility, which may lead to practical parameter identifiability
issues when follow-up is sparse [17, 26, 27]. Comparative investi-
gations of experimental tumor growth have frequently reported
strong descriptive performance for Gompertz dynamics relative to
simpler alternatives [12, 17]. Gompertzian growth also has a long
history as a standard phenomenological model in tumor growth
studies [28, 29].

Let V() > 0 denote the tumor volume at time ¢. The Gompertz
growth ODE is given by

PO vy log(%), v =V 0)
where a > 0 represents the growth rate and K > 0 denotes the
carrying capacity. Here, K represents the long-term plateau level im-
plied by the Gompertz model. Since our longitudinal measurements
are sparse, K should be interpreted as an effective asymptotic size
inferred from limited observations rather than a directly observed
biological maximum.

A useful interpretation follows from the per-capita growth rate:

d
L dv(®) =alog(%). )

Unlike exponential growth, which assumes a constant per-capita
growth rate, Gompertz growth implies that the per-capita rate
decreases as V() approaches K. This provides a compact phe-
nomenological representation of growth deceleration as resource
constraints become more pronounced.

Moreover, Gompertz dynamics become linear after a log trans-
form. Define y(t) = logV(t). Since dV(t)/dt = V(¢t)dy(t)/dt,
Eq. (7) implies

V(t) dt

= a(logK — y(1)). ©)

Thus, log V (¢) relaxes exponentially toward log K, making explicit
the characteristic behavior of early exponential-like growth fol-
lowed by progressive slowdown and saturation. In this represen-
tation, the parameter a sets the timescale of relaxation in log-
space, thereby controlling how rapidly deceleration and saturation
emerge.

dy(t)
dt

10

Jiyeon Kim*, Daehong Min, Minjung Gim?, Dongwook Shin, and Soon-Sun Kwon

Equation (7) admits a closed-form solution:

V(t) = Kexp(log(%) exp(—at)) . (10)
If0 < Vj < K, the solution remains positive, is monotone increasing,
and satisfies lim;_,o, V(#) = K. Defining the normalized volume
o(t) = V(t)/K yields v(0) = Vo/K € (0,1) and v(t) increases
toward 1 as t increases. These basic qualitative properties are used
later to define physically meaningful constraints in our generative
modeling framework (valid initial condition V; < K, monotonic
growth, and near-saturation at terminal time).

A.2 Optimal Transport Conditional Flow
Matching (OT-CFM)

We consider a flow-based generative model for continuous ran-
dom variables z € R? with target distribution pg,t.. The goal is to
transform samples from a simple base distribution py (e.g., a stan-
dard Gaussian) into samples following pgat, by solving an ordinary
differential equation of the form

dz;

’r (11)
where vy is a time-dependent neural vector field. New samples
are generated by numerically integrating (11) fromt =0tot =1
[30]. Conditional Flow Matching (CFM) trains the vector field vy by
matching it to a target velocity defined along interpolation paths
between paired samples (zo,z1), where zp ~ po and z; ~ Pdata
[31]. Specifically, one samples ¢t ~ Unif[0, 1] and defines the linear
interpolation

= vg(zs, 1), te[0,1], 2o ~ Po,

z = (1 =t)zg + tzy,

whose associated velocity is u*(zs, t; 20, z1) = 21 — z9. The CEM
objective is given by

mein ]E[HU@(Zt, t) = (z1 - Zo)“ﬁ]’

(12)

where the expectation is taken over the sampling of (z, z;) and ¢.

Optimal Transport Conditional Flow Matching (OT-CFM) im-
proves upon CFM by selecting the pairing of (z, z1) using an opti-
mal transport coupling computed over minibatches [20]. By mini-
mizing the expected matching cost, OT-CFM reduces path crossings
and leads to more stable training and higher-quality samples, espe-
cially in low-sample regimes.

While OT-CFM provides a flexible framework for learning com-
plex distributions, it does not by itself enforce any domain-specific
structural constraints. In the context of tumor growth modeling,
this may lead to generated samples that violate basic biological
properties. In the next section, we introduce Physics OT-CFM by
rectifying the transport field with physics-derived gradients so that
generated samples remain in biologically meaningful regions of the
parameter space.

B Extended Baseline Details

This appendix provides full reproducibility information for the
baselines compared in Section 4.2, including the two non-parametric
sanity-check baselines (KDE, SMOTE) deferred from the main text.
Quantitative results and visualizations covering all six methods are
reported in Appendix C.
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B.1 Bayesian Baselines: Prior Specification

Both Bayesian baselines (Bayesian-Gompertz and Bayesian-Reduced
Gompertz) use log-normal priors on the population mean param-
eters u = (Uq, j1p), with location parameters adopted from Vaghi
2020 [12].

(13)
(14)

loga ~ N (log 0.58, 0.4%),
log B ~ N (log0.072, 0.5%).

The location parameters are taken directly from Vaghi 2020 without
modification. The scale parameters (0.4 and 0.5) are larger than the
published inter-individual variability values, which were estimated
from N = 66 breast-tumor subjects; we amplify them to reflect
the additional uncertainty arising from our N = 8 cohort, where a
tightly informative prior would dominate the likelihood and pro-
duce overconfident posteriors. Prior specifications are summarized
in Table B.1.

Table B.1: Prior specifications for Bayesian baselines.

Parameter Location piog Scale 0jog

a (population) log(0.58) ~ —0.545 0.4

f (population) log(0.072) ~ —2.631 0.5
Bayesian-Reduced Gompertz additionally fixes:

k (deterministic ratio a = kf) 7.87

¢ (offset) 0

The Bayesian-Reduced Gompertz variant additionally adopts
Vaghi’s deterministic relationship « = kf# +c with k = 7.87 and zero
residual variance, ¢ = 0, yielding samples on the one-dimensional
manifold @ = 7.87f. The choice ¢ = 0 is justified by the sanity check
reported in Section 4.2: a one-sample ¢-test on per-subject estimates
of ¢ yields ¢(7) = —1.05, p = 0.33, statistically indistinguishable
from zero.

Posterior inference. We perform posterior sampling in PyMC [32]
using the No-U-Turn Sampler (NUTS) with 4 chains of 2,000 post-
warmup draws each (warmup: 1,000), yielding 8,000 total posterior
samples. Convergence is assessed via R statistics following Vehtari
et al. [33]; all parameters satisfy R < 1.01.

B.2 Non-Parametric Sanity-Check Baselines

We include two non-parametric baselines as sanity checks against
which parametric and learning-based methods can be assessed.

KDE. We fit a Gaussian kernel density estimator on the eight
real samples in («, f) with bandwidth selected by Scott’s rule [15],
and apply rejection sampling to enforce @, § > 0 (equivalent to
K > V, under a > 0). With N = 8, the bandwidth oversmooths the
empirical support and extends the tails beyond the observed range.

SMOTE. SMOTE [16] generates synthetic samples via convex
interpolation between each real point and its k nearest neighbors
(k = 3). By construction, all samples lie within the convex hull of
the eight real points, providing strict in-sample interpolation but
no extrapolation. The same constraint filtering (o, § > 0) is applied
for consistency with KDE.
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B.3 Implementation Details

Physics OT-CFM and Physics Diffusion. The time-dependent vec-
tor field vy is parameterized by a multilayer perceptron (MLP) with
three hidden layers (64 units each) and SiLU activations. We use the
Adam optimizer with learning rate 3 X 10™* and batch size 64. To
assess training stability under data scarcity, we evaluate 40 check-
points at 500-step intervals from 500 to 20,000 steps. For physics-
guided rectification, we set the barrier sharpness 7 = 3 X 1073
and guidance weights Atrain = Asample = 0.2. Sampling guidance is
applied selectively in the later stage of transport (¢ > 0.5). The prob-
ability flow ODE is integrated via the Euler method with 150 steps.
Physics Diffusion uses the identical MLP architecture and physics
penalty ®,py, with gradient guidance applied during denoising.
All experiments were implemented in PyTorch and executed on an
Apple M3 Max system using the Metal Performance Shaders (MPS)
backend.

Table B.2: Hyperparameters for Physics OT-CFM. Physics
Diffusion uses the same MLP architecture, optimizer, and
physics penalty configuration.

Hyperparameter Value

MLP architecture 3 layers X 64 units

Activation function SiLU
Optimizer Adam
Learning rate 3x107*
Batch size 64
Training step range 500 - 20,000
Euler steps (inference) 150
Guidance weights (1) 0.2
Barrier sharpness (7) 3x1073
Guidance start time t=05

Hardware backend Apple M3 Max (MPS)

C Extended 1D Projection Analysis

This appendix extends the primary 1D Vaghi-projection analysis
(Section 4.4.1, Table 2) along three directions: (i) we add the two
non-parametric sanity-check baselines (KDE and SMOTE) defined
in Appendix B.2 to yield a complete six-method comparison; (ii)
we report additional distributional metrics (KS statistic with Monte
Carlo p-value, unbiased MMD?) that test for statistical distinguisha-
bility; (iii) we visualize all six methods in both the («, f) parameter
space and in V(t)/Vj trajectory space.

C.1 Extended Quantitative Comparison

Table C.1 extends Table 2 with the two non-parametric baselines
and three additional metrics on the same 1D Vaghi projection fpro;:

o KS statistic (D): the supremum of the absolute difference
between the two empirical CDFs;

e KS p-value: the right-tail probability of D under the null
that both samples come from the same distribution;

e MMD? (unbiased): the unbiased U-statistic estimator with
an RBF kernel and median-heuristic bandwidth.
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Table C.1: Extended 1D distribution fidelity on the Vaghi pro-
jection f3,;o; across all six methods. KS p-values > 0.05 indicate
samples are not statistically distinguishable; MMD? values
close to zero indicate near-identical distributions, while a
positive MMD? indicates a detectable difference (negative
values are small-sample artifacts of the unbiased estimator
and also indicate near-identical distributions). Bold = best,
underlined = second-best.

Method Wyl Ags]  Agos) Ksl pT MMD?
KDE 0.0095 0.0111 0.0211 0.223 0.745 —0.042
SMOTE 0.0063 0.0036 0.0024 0.148 0.984 —0.060
Bayesian-Gompertz 0.0135 0.0038 0.0192 0.303 0.381 —0.000
Bayesian-Reduced Gompertz 0.0182 0.0018 0.0544 0.265 0.544 —0.001
Physics Diffusion 0.0294 0.0182 0.0068 0.433 0.071 +0.149
Physics OT-CFM (Ours) 0.0082 0.0027  0.0019  0.171 0944  —0.052

Ranking preservation. The qualitative ranking from Table 2 is
preserved across all six metrics. SMOTE attains the strongest values
on W and KS-derived statistics by virtue of strict convex-hull con-
finement; Physics OT-CFM ranks second on those metrics and first
on Aqos. It achieves top-2 status on every primary and secondary
metric. KDE places third on W; but exhibits inflated Ags and Agos.
This reflects symmetric over-smoothing of the empirical support
under Scott’s-rule bandwidth at N = 8.

Statistical distinguishability via MMD?. Among the six methods,
only Physics Diffusion yields a positive MMD? (+0.149): under the
unbiased estimator with median-heuristic bandwidth, this indicates
samples that are statistically distinguishable from the eight real
subjects. All other methods yield MMD? values indistinguishable
from zero, including all baselines and Physics OT-CFM. This is
consistent with the bimodal collapse seen in Physics Diffusion’s
parameter scatter (Figures 1 and C.1): even when projected to one
dimension, Physics Diffusion’s distribution remains structurally
separated from the real cohort.

C.2 Visualization of All Six Methods

Figure C.1 visualizes the parameter scatter in (¢, f) for all six meth-
ods, with the eight real subjects plotted as black diamonds. Fig-
ure C.2 shows the corresponding V(t)/V; trajectory bundles, with
the eight real curves shown as black dashed lines. These figures
extend Figures 1 and 2 of the main text to include the two non-
parametric baselines.

KDE produces a smoothed cloud extending beyond the empir-
ical support, while SMOTE samples are strictly bounded within
the convex hull of the eight real points. These structural patterns
manifest in the time domain (Figure C.2): KDE generates a wide
trajectory bundle extending beyond the real range, while SMOTE
produces a narrower bundle confined to interpolation between the
real curves.

Structural restriction. The non-parametric baselines achieve their
apparent metric advantage through structural mechanisms unique
to non-learning approaches. SMOTE’s strict convex hull restriction
guarantees closeness to the eight training points under any convex
distance, which mechanically produces W; values. The same prop-
erty prevents generation of samples outside the empirical support. It
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Figure C.1: Parameter scatter in (o, ff) for all six methods.
Eight real subjects shown as black diamonds; the dashed
reference line on the Bayesian-Reduced Gompertz panel in-
dicates the Vaghi relationship o = 7.878.

limits practical utility for cohort augmentation or hypothesis driven
simulation. KDE’s bandwidth controlled smoothing permits mild
interpolation, but lacks any mechanism to respect the underlying bi-
ological manifold and instead increases both tails symmetrically. In
contrast, Physics OT-CFM learns a continuous parameter manifold
that follows the empirical support and extends modestly beyond it
along directions consistent with the Gompertz dynamics (Figure 1,
main text). It provides a generative model in the meaningful sense.
It is capable of producing novel yet physically plausible samples
beyond the training set.

D Mathematical Derivations

In this section, we provide the detailed mathematical derivations
for the physics-guided rectification used in Physics OT-CFM. These
derivations ensure the differentiability and stability of the vector
field guidance throughout the training and sampling processes.

D.1 Analytical Gradients of the Gompertz
Growth Model

While the physics penalty ®ppy, is computed in the latent space
Z, its components depend on the physical volume dynamics v(t).
To avoid the numerical instability and computational overhead
associated with finite difference methods, we utilize the analyti-
cal solution of the Gompertz ODE. Given the latent vector z, the
decoded physical parameters x = {a, K, Vp} are obtained via the
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Figure C.2: Normalized growth trajectories V(¢)/V, over 30
days for all six methods. Real curves shown as black dashed.

inverse transform 7 ! defined in Eq. (3). The normalized volume
o(t) = V(t)/K is expressed as:

o(t) = exp (log (%) exp(—at)) (D.1)

To enforce the monotonicity constraint 9(¢) > 0 as described in
Section 3.3, we derive the exact time derivative:

8v_(t) =o(t) - [a -log (%) exp(—at)]

ot
Since v(t) € (0,1] and V; < K is enforced by our latent mapping
(Eq. (3)), the term in the bracket remains positive for any a > 0.
This analytical formulation allows the neural network to efficiently
internalize the direction of physically valid growth without relying
on numerical approximations.

o(t) = (D.2)

D.2 Differentiable Barrier via Softplus Function
As noted in Section 3.3, we utilize the Softplus function {(x) =
log(1 + exp(x)) to construct a differentiable barrier for the con-
straints. For any biological constraint C(x) < 0, the penalty P (x)
is formulated as:

P(x) =7-log (1 + exp (C(X) ))

- (D.3)
T

The sharpness parameter 7 (set to 3 X 1073 as detailed in Appendix
B.3) ensures the following asymptotic behavior:

linol+ P(x) = max(0,C(x)) (D.4)
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This derivation justifies the behavior of our physics-guided vec-
tor field: it receives near-zero guidance in physically valid regions
(C(x) < 0) while experiencing a strong, differentiable push back
toward the manifold in violated regions (C(x) > 0). The choice of a
small 7 provides a smooth yet tight approximation of the biological
bounds. This ensures that the physics-guided gradients do not van-
ish and remain differentiable, consistent with the smooth activation
properties of the SiLU used in our model.

D.3 Chain Rule for Physics-Guided
Rectification

The rectified target velocity uarger in Algorithm 1 requires the
gradient V,, ®ppys(z;). This is computed via the chain rule through
the decoding transform 7 ~!:

ax\"
qu)phys(z) = (E) vXCI)phys(X) (DS)
where % is the Jacobian of the inverse transformation derived

from the data-based non-dimensionalization in Eq. (3). By inter-
nalizing this gradient directly into the target velocity uarget, the
neural vector field vy learns to approximate a transport map that
is inherently physics-aware, effectively bridging the gap between
sparse observations and biological laws. The Jacobian % consists
of simple diagonal and basic partial derivative elements, ensur-
ing that the gradient computation remains numerically stable and

computationally efficient throughout training.

E Evaluation Metrics: Implementation Details

This appendix provides estimator definitions and Monte Carlo cali-
bration details for the metrics used in Section 4.3 and Appendix C.
We organize the metrics by scope: primary metrics on the 1D Vaghi
projection (Section E.1) and complementary metrics in the 3D scaled
latent space (Section E.2).

E.1 Primary Metrics on the 1D Vaghi Projection
For each method, we project samples onto the Vaghi line a = kf8
(k = 7.87) using

ka+
k+1’
and compare the resulting 1D distributions against the projection
of the eight real subjects.

ﬁproj = (E.1)

1-Wasserstein distance (W; ). For one-dimensional empirical dis-
tributions P and Q with sorted samples {a(;}}-; and {b(;)}12,, we
compute W via the closed-form quantile expression

1
Wi(P,Q) = /0 |Fp () = Fg' (w)] du, (E.2)
implemented using scipy.stats.wasserstein_distance, which
handles unequal sample sizes via the empirical CDF integration
formulation. No subsampling is applied; all available generated
samples (typically ~ 10,000 per method) are compared against the
eight projected real subjects.

Tail-quantile errors (Ags, Aqos). We compute empirical quantiles
via linear interpolation between order statistics(numpy . quantile
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with default 1inear interpolation):
~real

Agp = |;j§e“_qp , p € {5,95}.

With Niea = 8, the empirical 5th and 95th percentiles correspond to
the lowest and highest real subjects, respectively, by definition of
linear interpolation at the extremes. This is the most direct test of
whether a generative model recovers the observed support bound-
ary.

(E3)

Kolmogorov-Smirnov statistic and Monte Carlo p-value. For Ap-
pendix C, we additionally report the two-sample KS statistic

D = sup |Fgen(u) - Freal(“)'a (E.49)
ueR

computed with scipy.stats.ks_2samp (asymptotic distribution

by default). The associated p-value is the probability of observing a

KS statistic at least as extreme as D under the null hypothesis that

both samples are drawn from the same underlying distribution.

Maximum Mean Discrepancy (MMD?, 1D). We use the unbiased
U-statistic estimator with an RBF kernel,

IR} 1
MMD' (X ¥) = = k(i x)

i#i’

1

. Nk

+m(m_1)Z Y,y
J#Jj

2
- = k(x,y)),
nmzj] (xi,))

where k(x,y) = exp(—yllx — y||?) is the RBF kernel. The bandwidth
is selected by the median heuristic on pairwise distances within
the combined sample, y = 1/(20K2ned). With m = 8 real subjects,
the estimator’s variance is dominated by the 1/m(m — 1) term;
small-sample artifacts can yield slightly negative values, which are
interpreted as “no detectable difference” rather than “samples are
closer than identical”.

(E.5)

E.2 Complementary Metrics in the 3D Scaled
Latent Space

The complementary metrics in Section 4.4.3 operate in the full 3D
scaled latent space Z defined in Section 3.2. They are used only for
training-dynamics analysis between Physics Diffusion and Physics
OT-CFM, both of which produce native 3D output; they are not
applied to the (a, f)-only baselines.

Sliced Wasserstein distance (SWD). For K = 100 random unit
directions {Uk}ff:1 c S%71, we project samples and compute the
squared 1D 2-Wasserstein distance between the projected empirical
distributions. For equal-sized projected samples {a;}]_, and {b;}],
the closed-form expression is

Wy (Py, Qo) = . Zn: (ac) =),
n

i=1

(E.6)

and the SWD is the square root of the average over the K projec-
tions:

SWD(P,Q) = (E.7)

LK 1/2
I?ZWZZ(PU/C’QUIC)) .
k=1

14

Jiyeon Kim*, Daehong Min, Minjung Gim?, Dongwook Shin, and Soon-Sun Kwon

Random directions are drawn uniformly on the sphere by sampling
gk ~ N(0,Iz) and setting o = gi/I|gk -

Maximum Mean Discrepancy (MMD?, 3D). The same unbiased U-
statistic estimator as in Eq. (E.5) is used, applied to the full 3D scaled

latent samples with the same RBF kernel and median-heuristic
bandwidth.

Projected Kolmogorov-Smirnov statistic. For each random direc-
tion v, we compute the two-sample KS statistic on projected sam-

ples following the random-projection goodness-of-fit framework [34]:

Dy = sup IFX,k(u) —Fy,k(u)|, D% = max Dy. (E.8)
ueR 1<k<K

We additionally compute a Monte Carlo p-value by repeating B =
1000 times: drawing independent synthetic sample pairs (X (*), Y (%))
from the model, computing D®?), and estimating

1435, 1(D%? > p()

= . E.9
pmc B+l (E.9)

At Nieal = 8, all methods pass the KS test at @ = 0.05 owing to
limited statistical power; we therefore treat KS as a relative ranking
diagnostic across training, not a binary acceptance criterion.
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